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ABSTRACT
We construct a “Chern-Simons-like” action for N = 1 Topologically Massive Super-
gravity from the Chern-Simons actions of N = 1 Supergravity and Conformal Super-
gravity. We convert this action into Hamiltonian form and use this to demonstrate that
the theory propagates a single massive
(
2, 3
2
)
supermultiplet.
1 Introduction
Theories of gravity in spacetimes of three dimensions (3D) have been studied extensively
over the past few decades, both as tools for understanding gravity in four or more di-
mensions and for their own intrinsic interest. It is well-known that in 3D, massless spin-2
particles have no local degrees of freedom, and correspondingly 3D General Relativity
(GR) is “trivial”. One thing this suggests is that studying 3D GR and its quantisation
could be a helpful tool on the way to understanding the quantisation of 4D GR, see for
example [1, 2]. It also suggests that in order to find a “non-trivial” 3D gravity theory,
one should look at models of interacting massive spin-2 particles. Massive gravity is of
general interest [3] and understanding the situation in 3D could help the development of
more complicated 4D models.
In 3D a massive spin-2 particle has one local degree of freedom, and the first theory
of such a particle to be discovered was Topologically Massive Gravity (TMG) [4]. This
theory breaks parity, as a parity invariant theory must have two massive spin-2 particles
of opposite helicities. Recently, this has been realised by another massive gravity model,
New Massive Gravity (NMG) [5, 6], which propagates two modes of the same mass and
opposite helicities and is parity invariant. The combination of the two models is called
Generalised Massive Gravity (GMG) which propagates two modes of different masses and
opposite helicities, and TMG and NMG can be realised as limits of this more general
model.
The above discussion generalises to supergravity. The 3D massless super-multiplet
containing a spin-2 particle as its highest spin state also has no local degrees of freedom,
and so like its bosonic counterpart, 3D supergravity is “trivial”. Supersymmetric coun-
terparts of TMG, NMG and GMG have been found [7–9], and in this paper we will be
particularly interested in the N = 1 supersymmetric extension of TMG, called N = 1
Topologically Massive Supergravity (TMSG) first described in [10].
3D General Relativity [1, 11] and Conformal Gravity [12] can both be formulated
as Chern-Simons theories of the 3D Poincare´ Group (or A/dS Group if a cosmological
constant is included) and Conformal Group respectively. In this form, their actions
are integrals of 3-form Lagrangians constructed from exterior products of 1-forms and
exterior derivatives. These 1-forms are the dreibein, spin-connection and in the case of
Conformal Gravity extra fields corresponding to special conformal transformations and
dilatations. TMG was originally formulated by adding together the action of 3D GR
and an alternative gauge-fixed second-order action for Conformal Gravity, but it was
recently noticed that one could get the same theory by combining the two Chern-Simons
actions [13], putting TMG into “Chern-Simons-like” form. By this we mean that it
is similar to a Chern-Simons theory in that it is described by an action which is the
integral of a 3-form Lagrangian constructed from 1-form fields and exterior derivatives.
However we do not require that the action arises from a group structure as in an actual
Chern-Simons theory. Such “Chern-Simons-like” actions are worth considering for their
interesting and useful properties. They are constructed without the use of a metric, they
are relatively simple to work with, and importantly they are first-order. This last point
relates to the fact that we treat the spin connection as an independent variable, to be
determined by the field equations.
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Being first-order makes these actions very easy to put into Hamiltonian form. As any
term can only have one time-derivative, after a time/space decomposition the actions
are automatically in the form “P · X˙ − λiCi”. The spacelike components of the 1-form
fields can be interpreted as canonical variables X,P while the time components of the
fields are always non-dynamical and act as Lagrange multipliers λi imposing various
constraints Ci. We can use the Hamiltonian analysis described by Dirac in [14] to find
any additional constraints which must be included. The “P · X˙” term defines Poisson
brackets between the dynamical variables, and using these elementary Poisson brackets,
the Poisson brackets of the constraints can be computed. We can then distinguish so-
called first-class and second-class constraints and hence determine the number of physical
modes the theory propagates.
In [13], “Chern-Simons-like” actions for TMG, NMG and GMG were found and their
constraint structures analysed as described above, agreeing with previous results in [15–
21]. The aim of this paper is to extend that work to three different N = 1 supergravity
theories. We will use a component approach, but superspace methods for Conformal
Supergravity and TMSG have recently been studied in [22].
We will first review N = 1 Supergravity and Conformal Supergravity in their Chern-
Simons forms. The Supergravity action is well-known, and while the first-order Chern-
Simons version of the Conformal Supergravity action has almost been constructed several
times in the literature [23–25], the explicit expression given here is perhaps novel. We
will then use these theories to construct a “Chern-Simons-like” version of TMSG and
finally transfer each supergravity theory into Hamiltonian form and analyse the constraint
structure to determine the number of degrees of freedom each has.
2 The Supergravity Theories
We will begin our analysis by presenting the Chern-Simons forms of the 3D Supergravity
and Conformal Supergravity actions from which we construct TMSG, which will allow
us to introduce our conventions. We will then discuss TMSG itself. For a more thor-
ough discussion of the corresponding bosonic theories using the same formulation and
conventions, see [13], of which this paper is an extension1.
2.1 Supergravity
Let us first recall the Einstein-Cartan formulation of 3D gravity. This model uses the
dreibein ea = eµ
adxµ, a Lorentz-vector valued one-form which gives rise to the metric
gµν = ηabeµ
aeν
b, and the spin connection ωµ
a = 1
2
ǫabcωµbc, another 1-form which in
three dimensions can be dualised as shown. We also dualise the Riemann tensor Ra =
1
2
ǫabcRbc = dω
a+ 1
2
ǫabcωbωc, and define the covariant derivative of a Lorentz-vector valued
one-form, Dha = dha+ǫabcωbhc. We implicitly take the wedge product of adjacent forms.
In this notation the standard Einstein-Hilbert action becomes the integral of the
Lagrangian three-form
1The field named ha in this reference corresponds to −2fa here, which is a more natural scaling in
the context of Conformal Supergravity.
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LEC =
1
2
√−g (R− 2Λ) dx0dx1dx2 = −eaRa + Λ
6
ǫabceaebec . (2.1)
This is a “first-order” formulation, we consider the spin connection to be an indepen-
dent variable rather than a fixed function of the dreibein. Varying both of the forms, we
get the following Euler-Lagrange equations corresponding to (e, ω) respectively
Ra − Λ
2
ǫabcebec = 0 , De
a = 0 . (2.2)
Dea is the torsion which the second equation sets to be zero. This determines the
spin connection to be the usual one, which we will call ω(e). The first equation is then
equivalent to the Einstein equation, Gµν + Λgµν = 0. Note that this form of the action
for GR is first order in time derivatives, which will be important when we look at the
Hamiltonian form later.
We can extend this action to a supergravity action by introducing a gravitino, an
anti-commuting Majorana spinor valued 1-form, ψµ
α. Define the covariant derivative of
a spinor valued one-form, Dχ = dχ + 1
2
ωaγ
aχ where the γa satisfy
{
γa, γb
}
= 2ηab with
the (−++) convention, and whenever a representation of the γa is called for we will use
a real representation defined in terms of the Pauli matrices
γ0 = iσ2 , γ
1 = σ1 , γ
2 = σ3 . (2.3)
Our supergravity action is
LSEC = −eaRa − 2ψ¯Dψ − λ
2
6
ǫabceaebec + λeaψ¯γ
aψ . (2.4)
The cosmological constant is Λ = −λ2, non-positive in supergravity. Again vary each
form to get the Euler-Lagrange equations corresponding to (e, ψ, ω)
Ra +
λ2
2
ǫabcebec − λψ¯γaψ = 0 , Dψ + λ
2
eaγ
aψ = 0 , Dea − ψ¯γaψ = 0 . (2.5)
The third equation is the usual supergravity torsion condition, which defines the spin
connection in terms of the dreibein and the gravitino, we will denote this spin connection
ω(e, ψ). The first and second equations are then the standard trivial equations of motion
for the graviton and gravitino in 3D.
2.2 Conformal Supergravity
Conformal Supergravity can be constructed as the Chern-Simons theory of the 3D N = 1
superconformal algebra, Osp(1|4) [23–25], just as Conformal Gravity has been con-
structed as the Chern-Simons theory of the conformal group [12]. As a Chern-Simons
theory, Conformal Supergravity has a field corresponding to each transformation gener-
ator in the N = 1 superconformal algebra. The translations and Lorentz rotations give
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rise to ea and ωa respectively, and the supersymmetry transformations correspond to ψ.
There are also special conformal transformations, conformal supersymmetry transforma-
tions and dilatations, so we must introduce new 1-form fields fa, φ (an anti-commuting
Majorana spinor) and b associated to these.
To construct the action, we have followed the working of [24], and explicitly written
out their expression (3.1) in terms of the basic forms
LCSG =
1
2
ωadω
a +
1
6
ǫabcω
aωbωc
−2fa(Dea − bea − ψ¯γaψ)
+4ψ¯Dφ+
1
2
bdb− 2bψ¯φ− 2eaφ¯γaφ . (2.6)
P a Q Ja S Ka D
δea (D − b)ξa 2ǫ¯γaψ −ǫabcλbec 0 0 Ωea
δψ −ξaγaφ (D − 12b)ǫ −12λaγaψ eaγaη 0 12Ωψ
δωa −2ǫabcfbξc 2ǫ¯γaφ Dλa 2η¯γaψ −2ǫabcebχc 0
δφ 0 −faγaǫ −12λaγaφ (D + 12b)η χaγaψ −12Ωφ
δfa 0 0 −ǫabcλbfc −2η¯γaφ (D + b)χa −Ωfa
δb −2faξa 2ǫ¯φ 0 −2η¯ψ 2eaχa dΩ
Table 1: Transformations of fields under the superconformal algebra
To find the equations of motion, first eliminate every variable except ea and ψ using
their equations of motion
f : ωµ
a = ωµ
a(e, ψ, b) ≡ ωµ a(e, ψ) + ǫµ aνbν
ω : Ra − 2ǫabcebfc − 2ψ¯γaφ = 0
b : db− 2ψ¯φ+ 2eafa = 0
φ : 4Dψ − 2bψ + 4eaγaφ = 0 . (2.7)
Using the Bianchi identity DDea = ǫabcRbec, one can see that the ω and φ equations
imply the b equation. As with Conformal Gravity, this is because b can be gauged away
by special conformal transformations, so we can set it to be zero as it must drop out of
the final equations of motion. The φ equation determines φ(e, ψ) and then the ω equation
defines fa(e, ψ)
φµ = −1
2
e−1γνγµR
ν
fµν =
1
2
Sµν(e) + fermions , (2.8)
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where e is the determinant of the dreibein, Rµ = ǫµνρDνψρ and Sµν(e) ≡ Rµν − 14Rgµν is
the 3D Schouten tensor.
The ea and ψ equations then give the equations of motion for the bosonic and fermionic
modes. This action is of course invariant under the superconformal algebra, the action
of which is shown in the table above.
2.3 Topologically Massive Supergravity
Just as the TMG Lagrangian can be constructed as −1× the Einstein-Cartan Lagrangian
+ 1
µ
× the Conformal Gravity Lagrangian [13], TMSG can be constructed as −1× the
Supergravity Lagrangian + 1
µ
× the Conformal Supergravity Lagrangian. This “Chern-
Simons-like” action, which we will demonstrate is equivalent to the TMSG action given
in [10], is
LTMSG = eaR
a + 2ψ¯Dψ +
λ2
6
ǫabceaebec − λeaψ¯γaψ + 1
µ
{
1
2
ωadω
a
+
1
6
ǫabcω
aωbωc − 2fa(Dea − bea − ψ¯γaψ)
+4ψ¯Dφ+
1
2
bdb− 2bψ¯φ− 2eaφ¯γaφ
}
. (2.9)
Now consider the relation between the Euler-Lagrange equations of this theory and
those of Chern-Simons Conformal Supergravity above. The TMSG equations are
f : ωµ
a = ωµ
a(e, ψ, b)
ω : Ra − 2ǫabcebfc − 2ψ¯γaφ = −µbea
b : db− 2ψ¯φ+ 2eafa = 0
φ : 4Dψ − 2bψ + 4eaγaφ = 0 , (2.10)
which differ from the corresponding Conformal Supergravity equations only by the extra
term on the right hand side of the ω equation. Notice that the ω equation which deter-
mines fa(e, ψ, φ, b) is linear in fa, so write fa = fa0 + f
a
1 , where f
a
0 is the solution of the
Conformal Supergravity equations above. Then the ω and b equations become
− 2ǫabcebf1c = −µbea , 2eafa1 = 0 . (2.11)
The first equation is equivalent to
f1[µν] =
1
2
µe−1ǫµνρb
ρ , (2.12)
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while the second equation says that the left hand side of this equation vanishes, implying
b = 0. The first equation then sets fa1 = 0. This implies that f
a is the same as in
Conformal Supergravity, and we can determine that φ is as well.
Looking ahead to the Hamiltonian formulation, after choosing a time co-ordinate on
our space time, the bi will be dynamical variables, and the equation b = 0 indicates the
presence of constraints on them. As in [13], it will make later calculations simpler if
we have as few constraints as possible, so we can consider setting bµdx
µ = b0dx
0 in the
Lagrangian. Although bi = 0 is a consequence of the equations of motion, this change
may in principle alter the theory as it eliminates the two equations of motion of bi, so
we must check that the equations of motion are unaltered. Our previous analysis holds
until the step where we determine fa1 = 0 and b = 0. The single b0 equation becomes
f1[ij] = 0 , (2.13)
and the ω equation becomes
f1[ij] =
1
2
µe−1ǫij0b
0 , (2.14)
which implies that b0 = 0 and thus f
a
1 = 0. This was the only place we used the b
equation, so the final equations of motion do not change, and we may set bi = 0 in the
Lagrangian without changing the theory.
Now we have expressions for all variables in terms of ea and ψ, the Euler-Lagrange
equations for these two variables then give us the equations of motion for Topologically
Massive Supergravity, the former being the Topologically Massive Gravity equation with
extra fermion terms and the latter an equation for ψ. If we substitute the expressions
for φ and fa into the Lagrangian to make it depend on ea and ψ only, it becomes
LTMSG = eaR
a + 2ψ¯Dψ +
λ2
6
ǫabceaebec − λeaψ¯γaψ
+
1
µ
{
1
2
ωadω
a +
1
6
ǫabcω
aωbωc − e−1R¯µγνγµRν
}
, (2.15)
where ωµ
a = ωµ
a(e, ψ) implicitly. This is the same as the usual result [10, 26, 27] with a
cosmological constant2.
3 Hamiltonian Formulation
Now that we have first order Lagrangians for our theories, we can easily convert them
into Hamiltonian form and then perform an analysis of the Poisson brackets structure of
the constraints to determine the number of degrees of freedom of each theory [14]. We
will introduce the necessary concepts by working through the simpler theories first. The
analysis for the purely bosonic theories was performed in [13].
2Our Lagrangians have an overall factor of 1
2
and our field ψ is scaled by a factor of 1
2
compared
to [10].
6
3.1 Supergravity
Consider the theories given by integrating each Lagrangian 3-form we have discussed
over a 3-manifold with a Cauchy hypersurface. We will assume the spacetime can be
foliated by spacelike surfaces indexed by a time t such that we can decompose our forms
as, for example, eµ
adxµ = e0
adt + ei
adξi. We transfer our Lagrangian 3-forms into the
usual Lagrangians by L = L dx0dx1dx2, getting expressions which are first order in time
derivatives for each of our theories.
Our first example, Supergravity, has Lagrangian
LSEC = ǫ
µνρ
(
−eµ∂νωρ − 1
2
ǫabceµaωνbωρc − 2ψ¯µ∂νψρ + ωµaψ¯νγaψρ
−λ
2
6
ǫabceµaeνbeρc + λeµaψ¯νγ
aψρ
)
. (3.1)
To make the necessary calculations easier, rescale the fields as
ea 7→ −ea ψ 7→ 1
2
ψ . (3.2)
Decompose the spacetime directions into time and spacelike directions
LSEC = ǫ
ijejaω˙i
a − 1
2
ǫijψ¯jψ˙i + e0aC
a
e + ω0aC
a
ω + ψ¯0Cψ , (3.3)
The fields e0a, ω0a and ψ0 can be seen to be non-dynamical, and act as Lagrange
multipliers imposing the constraints Cae , C
a
ω and Cψ respectively, defined as
Cae = ǫ
ij(∂iωj
a +
1
2
ǫabcωibωjc +
λ2
2
ǫabceibejc − λ
4
ψ¯iγ
aψj)
Caω = ǫ
ij(∂iej
a + ǫabceibωjc +
1
4
ψ¯iγ
aψj)
Cψ = ǫ
ij(−∂iψj − 1
2
ωiaγ
aψj +
λ
2
eiaγ
aψj) . (3.4)
This Lagrangian is now in Hamiltonian form, by which we mean that it is a symplectic
term minus a Hamiltonian. The Hamiltonian of a time reparametrisation invariant theory
like all those we are working with must vanish, so takes the form of a collection of
constraints. The symplectic term tells us the Poisson brackets of the theory
{
ωi
a(ξ), ej
b(ζ)
}
= ǫijη
abδ(2)(ξ − ζ){
ψi
α(ξ), ψj
β(ζ)
}
= −ǫijǫαβδ(2)(ξ − ζ) . (3.5)
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Note that the Poisson brackets of commuting variables are anti-symmetric while the
Poisson brackets of anti-commuting variables are symmetric. To work out the number of
degrees of freedom the theory has, we must calculated the matrix of Poisson brackets of
constraints,
{
CAx (ξ), C
B
y (ζ)
} |C=0 = PABxy δ(2)(ξ − ζ) , (3.6)
where x, y label the fields, e, ω, ... and A,B a Lorentz index for e, ω, f a spinor index for
ψ, φ and is absent for b. We evaluate this matrix on the constraint surface, where all
constraints are set to 0. The rank of this matrix will then be the number of second class
constraints in the theory, the rest being first class. We use the formula “dimension of
physical phase space = dimension of phase space - (2× number of first class constraints)
- (1× number of second class constraints)” to work out the number of physical modes,
which is half the dimension of the physical phase space as in [13].
To compute the Poisson brackets of the constraints, we integrate them against test
functions, arbitrary smooth functions with compact support so all surface terms vanish
C(α) =
∫
d2ξαa(ξ)C
a(ξ) , (3.7)
and find
{Cω(α), Cω(β)} = Cω(α× β)
{Cω(α), Ce(β)} = Ce(α× β)
{Cω(α), Cψ(η¯)} = −1
2
Cψ(αaη¯γ
a)
{Ce(α), Ce(β)} = λ2Cω(α× β)
{Ce(α), Cψ(η¯)} = λ
2
Cψ(αaη¯γ
a)
{
Cψ(η¯), Cψ(ξ¯
}
= −1
2
Ce(ξ¯γ
aη) +
λ
2
Cω(ξ¯γ
aη) . (3.8)
The algebra of Poisson brackets closes, equivalently all Poisson brackets are zero when
evaluated on the constraint surface, so all the constraints of the theory are first class.
The dimension of the phase space is 16, as ei
a and ωi
a have 6 components each and ψi
has 4, and there are 8 constraints as ea0 and ω
a
0 have 3 components each and ψ0 has 2.
The physical phase space therefore has dimension 16− (2× 8)− (1× 0) = 0; as expected
there are no propagating modes.
3.2 Conformal Supergravity
Now we do the same thing for Conformal Supergravity, which has Lagrangian
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LCSG = ǫ
µνρ
{
1
2
ωµa∂νωρ
a +
1
6
ǫabcωµ
aων
bωρ
c
−2fµa(∂νeρ a + ǫabcωνbeρc − bνeρ a − ψ¯νγaψρ)
+4ψ¯µ∂νφρ − 2ωµψ¯νγaφρ + 1
2
bµ∂νbρ − 2bµψ¯νφρ − 2eµaφ¯νγaφρ
}
. (3.9)
It will again be convenient to rescale some of the fields to simplify the calculation;
change
fa 7→ −1
2
fa , ψ 7→ 1
2
ψ , φ 7→ 1
2
φ . (3.10)
The Lagrangian then decomposes into
LCSG =
1
2
ǫijωjaω˙i
a + ǫijfjae˙i
a +
1
2
ǫijbj b˙i + ǫ
ijψjφ˙i
+ω0aC
a
ω + f0aC
a
f + e0aC
a
e + b0Cb + ψ¯0Cψ + φ¯0Cφ , (3.11)
where the constraints are
Caω = ǫ
ij(∂iωj
a +
1
2
ǫabcωibωjc + ǫ
abceibfjc − 1
2
ψ¯iγ
aφj)
Caf = ǫ
ij(∂iej
a + ǫabcωibejc − biej a − 1
4
ψ¯iγ
aψj)
Cae = ǫ
ij(∂ifj
a + ǫabcfibωjc + bifj
a − 1
2
φ¯iγ
aφj)
Cb = ǫ
ij(∂ibj − eiafj a − 1
2
ψ¯iφj)
Cψ = ǫ
ij(∂iφj +
1
2
fiaγ
aψj +
1
2
ωiaγ
aφj +
1
2
biφj)
Cφ = ǫ
ij(∂iψj + eiaγ
aφj +
1
2
ωiaγ
aψj − 1
2
biψj) . (3.12)
We can compute the Poisson brackets as well, which have been conveniently nor-
malised by the rescaling done earlier
{
ωi
a(ξ), ωj
b(ζ)
}
= ǫijη
abδ(2)(ξ − ζ){
ei
a(ξ), fj
b(ζ)
}
= ǫijη
abδ(2)(ξ − ζ)
{bi(ξ), bj(ζ)} = ǫijδ(2)(ξ − ζ){
ψi
α(ξ), φj
β(ζ)
}
= ǫijǫ
αβδ(2)(ξ − ζ) . (3.13)
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Again use the test function method to calculate the Poisson brackets of the constraints
{Cω(α), Cω(β)} = Cω(α× β) , {Cω(α), Cf(β)} = Cf(α× β)
{Cω(α), Ce(β)} = Ce(α× β) , {Cω(α), Cb(σ)} = 0
{Cω(α), Cψ(η¯)} = −1
2
Cψ(αaη¯γ
a) , {Cω(α), Cφ(η¯)} = −1
2
Cφ(αaη¯γ
a)
{Cf (α), Cf(β)} = 0 , {Cf(α), Ce(β)} = Cω(α× β) + Cb(α · β)
{Cf(α), Cb(σ)} = −Cf (αaσ) , {Cf(α), Cψ(η¯)} = −1
2
Cφ(αaη¯γ
a)
{Cf(α), Cφ(η¯)} = 0 , {Ce(α), Ce(β)} = 0
{Ce(α), Cb(σ)} = Ce(αaσ) , {Ce(α), Cψ(η¯)} = 0
{Ce(α), Cφ(η¯)} = −Cψ(αaη¯γa) , {Cb(σ), Cb(τ)} = 0
{Cb(σ), Cψ(η¯)} = −1
2
Cψ(ση¯) , {Cb(σ), Cφ(η¯)} = 1
2
Cφ(ση¯)
{
Cψ(η¯), Cψ(ξ¯)
}
=
1
2
Ce(ξ¯γ
aη) ,
{
Cψ(η¯), Cφ(ξ¯)
}
=
1
2
Cω(ξ¯γ
aη)− 1
2
Cb(ξ¯η)
{
Cφ(η¯), Cφ(ξ¯)
}
= Cf (ξ¯γ
aη) . (3.14)
The algebra closes again, so all constraints are first class and Conformal Supergravity
has 28− (2 × 14)− (1 × 0) = 0 propagating modes, as expected.
3.3 Topologically Massive Supergravity
The Topologically Massive Supergravity action, setting bi = 0 as we have earlier checked
does not alter the theory, is
LTMSG = ǫ
µνρ
{
eµ∂νωρ +
1
2
ǫabceµaωνbωρc + 2ψ¯µ∂νψρ − ωµaψ¯νγaψρ
+
λ2
6
ǫabceµaeνbeρc − λeµaψ¯νγaψρ
}
+
1
µ
ǫµνρ
{
1
2
ωµa∂νωρ
a +
1
6
ǫabcωµ
aων
bωρ
c
−2fµa(∂νeρ a + ǫabcωνbeρc − bνeρ a − ψ¯νγaψρ)
+4ψ¯µ∂νφρ − 2ωµψ¯νγaφρ − 2bµψ¯νφρ − 2eµaφ¯νγaφρ
}
. (3.15)
The Poisson bracket structure is not affected by an overall factor in the Lagrangian
so consider the Lagrangian µL , the case µ = 0 is Conformal Supergravity which we have
already dealt with. Redefine fields
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e˜a = µea , Ωa = ωa + µea , ka =
1
µ
(−2fa − 1
2
µ2ea) ,
ψ˜ =
√
µψ , χ =
1
µ
(4φ+ 2µψ) , (3.16)
and then drop the tildes we have introduced for convenience.
After rewriting everything in terms of these new variables and decomposing the space-
time directions, the Lagrangian becomes
µLTMSG =
1
2
ǫijΩjaΩ˙i
a + ǫijkjae˙i
a + ǫijχ¯jψj
+Ω0aC
a
Ω + k0aC
a
k + e0aC
a
e + b0Cbψ¯0Cψ + χ¯0Cχ , (3.17)
where the constraints are, writing l = λ
µ
CaΩ = ǫ
ij
[
∂iΩj
a +
1
2
ǫabcΩibΩjc + ǫ
abceibkjc − 1
2
ψ¯iγ
aχj
]
Cak = ǫ
ij
[
∂iej
a + ǫabcΩibejc − ǫabceibejc − ψ¯iγaψj
]
Cae = ǫ
ij
[
∂ikj
a − 1
2
(1− l2)ǫabceibejc + ǫabckibΩjc − 2ǫabceibkjc
−(1 + l)ψ¯iγaψj + ψ¯iγaχj − 1
8
χ¯iγ
aχj
]
Cb = ǫ
ij
[
−eiakj a − 1
2
ψ¯iχj
]
Cψ = ǫ
ij
[
∂iχj + 2kiaγ
aψj + 2(1 + l)eiaγ
aψj +
1
2
Ωiaγ
aχj − eiaγaχj
]
Cχ = ǫ
ij
[
∂iψj +
1
2
Ωiaγ
aψj − eiaγaψj + 1
4
eiaγ
aχj
]
. (3.18)
The complicated field redefinitions earlier were designed to simplify the Poisson brack-
ets as much as possible
{
Ωi
a(ξ),Ωj
b(ζ)
}
= ǫijη
abδ(2)(ξ − ζ){
ei
a(ξ), kj
b(ζ)
}
= ǫijη
abδ(2)(ξ − ζ){
ψi
α(ξ), χj
β(ζ)
}
= ǫijǫ
αβδ(2)(ξ − ζ) . (3.19)
We can now work out the Poisson brackets of the constraints. As we are interested in
whether the constraints are first or second class, for brevity we shall ignore all multiples
11
of constraints which appear on the right hand side of these equations, equivalently we
shall work out the Poisson brackets evaluated on the constraint surface.
{CΩ(α), CΩ(β)} = 0 , {CΩ(α), Ck(β)} = 0 ,
{CΩ(α), Ce(β)} = 0 , {CΩ(α), Cb(σ)} = 0 ,
{CΩ(α), Cψ(η¯)} = 0 , {CΩ(α), Cχ(η¯)} = 0 ,
{Ck(α), Ck(β)} = −
∫
d2ζ αaβbǫ
ijei
aej
b ,
{Ck(α), Ce(β)} =
∫
d2ζ αaβbǫ
ijei
akj
b ,
{Ck(α), Cb(σ)} = −
∫
d2ζ ǫij
[
∂iσαaej
a − σαaǫabceibejc
]
,
{Ck(α), Cψ(η¯)} =
∫
d2ζ
1
2
ǫijαaη¯ei
aχj ,
{Ck(α), Cχ(η¯)} = −
∫
d2ζ
1
2
ǫijαaη¯ei
aψj ,
{Ce(α), Ce(β)} = −
∫
d2ζ αaβbǫ
ij
[
ki
akj
b + (1 + l)2ǫabc(ψ¯iγcψj
−(1 + l)ψ¯iγcχj + 1
4
χ¯iγcχj)
]
,
{Ce(α), Cb(σ)} =
∫
d2ζ ǫij
[
∂iσαakj
a + ǫabcσαa
(
3
2
(1− l2)eibejc + 2eibkjc
)
+2(1 + l)σαaψ¯iγ
aψj − σαaψ¯iγaχj
]
,
{Ce(α), Cψ(η¯)} =
∫
d2ζ
1
2
ǫijαaη¯
[−ki aχj − 4(1 + l)2ǫabceibγcψj + 2(1 + l)ǫabceibγcχj] ,
{Ce(α), Cχ(η¯)} =
∫
d2ζ
1
2
ǫijαaη¯
[
ki
aψj + 2(1 + l)ǫ
abceibγcψj − ǫabceibγcχj
]
,
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{Cb(σ), Cψ(η¯)} =
∫
d2ζ ǫij
[
−1
2
∂iση¯χj + 4(1 + l)eiaση¯γ
aψj − eiaση¯γaχj
]
,
{Cb(σ), Cχ(η¯)} =
∫
d2ζ ǫij
[
1
2
∂iση¯ψj − eiaση¯γaψj
]
,
{
Cψ(η¯), Cψ(ξ¯
}
=
∫
d2ζ ǫij
[
−(1 + l)2ǫabceiaejbξ¯γcη + 1
4
ξ¯χiη¯χj
]
,
{
Cψ(η¯), Cχ(ξ¯
}
=
∫
d2ζ ǫij
[
1
2
(1 + l)ǫabceiaejbξ¯γcη − 1
4
ξ¯ψiη¯χj
]
,
{
Cχ(η¯), Cχ(ξ¯
}
=
∫
d2ζ ǫij
[
−1
4
ǫabceiaejbξ¯γcη +
1
4
ξ¯ψiη¯ψj
]
. (3.20)
We want to work out the rank of the 14 × 14 matrix of Poisson brackets PABxy .
Compared to a purely bosonic theory, there is potentially an additional complication as
this matrix is a supermatrix. We are trying to find the number of independent second
class constraints, which is the number of linearly independent rows or columns of the
matrix. A set of vectors {vi} is linearly independent if λivi = 0 ⇒ λi = 0. If we allow
the {vi} to be Grassmann odd, we can use the same definition as long as we also allow
the {λi} to be Grassmann odd, and then everything procedes as in the bosonic case.
To minimise the amount of calculation necessary, first notice that since the three CaΩ
commute with everything, as in [13] we can separate these conditions out, using them to
pick the local frame e1
a = (0, 1, 0), e2
a = (0, 0, 1) and reducing the problem to finding
the rank of the 11 ×11 submatrix, Pˆ formed by removing the Ω rows and columns. Next,
we compute
{
C0k(ξ), Cb(ζ)
}
= 2δ(2)(ξ − ζ) , (3.21)
and that all other Poisson brackets with C0k vanish. The b column is therefore linearly
independent of the other columns, and similarly the b row is linearly independent of the
other rows. Let the 10 × 10 submatrix formed by removing the b row and column of Pˆ
be denoted Q. Reorder the rows and columns so
Pˆ =
(
Q v
w 0
)
. (3.22)
Now recall that the rank of a matrix, the dimension of its column space col(M) and
the dimension of its row space row(M) are all equal. By linear independence of the b
row and column
rank(Pˆ ) = dimcol
(
Q v
w 0
)
= dimcol
(
Q
w
)
+ 1
= dimrow
(
Q
w
)
+ 1 = dimrow
(
Q
)
+ 2 = rank(Q) + 2 . (3.23)
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The problem therefore reduces to calculating the rank of Q. We have already fixed
ei
a, and Ωi
a and b do not appear in Q, so the matrix is composed of the 6 elements of
ki
a and the 4 elements of each of ψi
α and χi
α. After writing the matrix out in terms of
these variables, the row space of the matrix can be seen to be spanned by the k10, k
2
0, ψ
1
0
and ψ20 rows. More explicitly, first subtract appropriate combinations of the k
1
0 and k
2
0
rows from all the others in order to remove all elements of ki
a from them, the resulting
matrix then has rank 4 by inspection. Therefore, Q has rank 4, Pˆ has rank 6 and the
original matrix, P , also has rank 6. TMSG therefore has a 26 − (2 × 8) − (1 × 6) = 4
dimensional physical phase space, or equivalently 2 propagating modes. We know that
TMSG is supersymmetric [10] so this is a massive spin
(
2, 3
2
)
supermultiplet. Note that
this is independent of the value of λ.
4 Discussion
We have constructed a first-order Chern-Simons action for Conformal Supergravity, and
then combined this with the Chern-Simons Supergravity action to get a “Chern-Simons-
like” action for TMSG which is equivalent to the existing formulation. This new action
has a number of nice properties, being first-order, metric independent and convenient to
work with. We slightly modified this action by setting bi = 0 which we showed does not
change the dynamics, a step performed for all dynamically non-trivial “Chern-Simons-
like” actions so far studied here and in [13]. Using this action we have then shown that
TMSG has two propagating modes, which must be a spin
(
2, 3
2
)
supermultiplet, while the
Chern-Simons theories it is constructed from of course have no local degrees of freedom.
It would be interesting to extend these results to other similar models of massive
3D supergravity [7–9]. It was not obvious that a “Chern-Simons-like” action for TMSG
had to exist, and the existence of “Chern-Simons-like” actions for other massive 3D
supergravity theories is similarly unclear. One complication is that supersymmetry acts
differently on each of the Chern-Simons actions composing TMSG. That the final action
is supersymmetric is shown by equivalence to an existing supersymmetric model.
One possible extension would be to N = 1 supersymmetric versions of NMG and
GMG, a supersymmetrisation of the bosonic “Chern-Simons-like” models presented in
[13]. Such a theory would involve an extra Lorentz vector 1-form, ka, and one would
have to supersymmetrise a term
kaR
a +
1
2
ǫabce
akbkc . (4.1)
One could begin by defining a superpartner χ to ha, then the first term could be su-
persymmetrised as the usual Einstein-Hilbert term is by adding 2χ¯Dχ. However beyond
this the large number of possible extra terms, as well as the existence in the bosonic
version of an additional Lorentz scalar 1-form [13], and the problem of establishing that
the final action is supersymmetric make this a complicated task.
Another interesting extension would be to N = 2 TMSG. The Supergravity action
would then contain a one-form A corresponding to R-Symmetry and perhaps a one-form
C corresponding to a central charge, and the Conformal Supergravity action would gain
14
a term AdA [28, 29]. The theory would be expected to propagate a spin
(
2, 3
2
, 3
2
, 1
)
supermultiplet, the spin-1 mode being formed from A or C, but it is difficult to see how
any 3-form terms of the type needed for the action to be “Chern-Simons-like” could give
rise to the required Maxwell action for A or C.
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